High-frequency (≥ 2 Hz) Rayleigh-wave phase velocities have been utilized to determine shear (S)-wave velocities in near-surface geophysics since the early 1980s. For a given nearsurface geophysical problem, it is essential to understand how well the data, calculated according to a layered earth model, might match the observed data. It is also important to recognize that the match may only be possible for data in a certain frequency range because the sensitivity of Rayleigh-wave phase velocities due to changes in S-wave velocities varies with frequency. The data resolution matrix is not a function of the data, but only of the data kernel (the Jacobian matrix, determined by a geophysical model and a priori information applied to the problem). The data resolution matrix of high-frequency Rayleigh-wave phase velocities, therefore, offers a quantitative tool for design of field surveys and prediction of the match between calculated and observed data. We employ the data resolution matrix to discuss the resolving power of phase velocities at different frequencies and the advantages of higher modes. Our discussion provides insights into the inversion of Rayleigh-wave phase velocities. Because of restrictions of the data kernel of the inversion system, each near-surface geophysical problem can be resolved only with Rayleigh-wave phase velocities in a specific frequency range and higher modes normally possess higher resolving power than the fundamental mode.
Introduction
Elastic properties of near-surface materials and their effects on seismic wave propagation are of fundamental interest in ground-water, engineering, and environmental studies. Shear (S)-wave velocities can be derived from inverting dispersive phase velocities of the surface waves (Rayleigh and/or Love) (e.g., Dorman and Ewing, 1962; Aki and Richards, 1980, p. 664) . Spectral Analysis of Surface Waves (SASW) (Stokoe and Nazarian, 1983; Stokoe et al., 1989) analyzes the dispersion curve of ground roll to produce near-surface S-wave velocity profiles. The other method proposed by Song et al. (1989) utilizes a multichannel recording system to estimate near-surface S-wave velocities from high-frequency surface waves. Park et al. (1999) study the near-offset and far-offset effects of multichannel analysis of surface waves (MASW). Xia et al. (1999) analyze parameter sensitivity of high-frequency (≥ 2 Hz) Rayleigh waves and presented a stable inversion algorithm. The MASW method possesses the advantage of easily recognizing surface waves, effectively eliminating body-wave energy, and accurately defining dispersion energy. Errors associated with S-wave velocities obtained by the MASW method are 15% or less and random after comparison with direct borehole measurements (Xia et al., 2000a and 2002a) . If higher mode data are available, the accuracy of the inverted S-wave velocity can be significantly improved (Xia et al., 2000b (Xia et al., , 2003 Beaty et al., 2002; Beaty and Schmitt, 2003) . Xia et al. (2003) indicated at least two quite exciting higher mode properties by analysis of the Jacobian matrix. First, for fundamental and higher mode Rayleigh wave data with the same wavelength, higher modes can "see" deeper than the fundamental mode. Second, higher mode data can increase resolution of inverted S-wave velocities. More authors have studied advantages of using higher modes in estimation of S-wave velocities (e. g., Song et al., in press; Luo, et al., in review; Liang and Chen, in review) . Their work demonstrates that S-wave velocities can be accurately determined with synthetic and real data if higher modes are available and inverted.
In this paper, we demonstrate that the data resolution matrix reveals property of higher modes in inversion. First, we provide the background of the data resolution matrix. Second, we use synthetic and real data examples to show that higher mode data can generally be resolved more easily than the fundamental mode data. Finally, we demonstrate with these data that only resolvable data are needed to obtain accurate S-wave velocities in Rayleigh-wave data inversion. In practice, the data resolution matrix can indicate that certain phase velocities are necessary to define the S-wave velocity for a given geological problem. In other words, if these data (phase velocities in a certain frequency range or at certain frequencies) are not available, the given geological problem (S-wave velocity model) cannot be solved.
Data Resolution Matrix
Near-surface S-wave velocities can be estimated by inverting phase velocities of highfrequency Rayleigh waves (Xia et al., , 2003 (Xia et al., , and 2006 . Near-surface quality factors (Q), which is directly related to the material damping ratio D (Q -1 = 2D) (Rix et al., 2000) , can also be determined by inverting attenuation coefficients of Rayleigh waves (Xia et al., 2002b) . Both techniques are based on the overdetermined system
where G is an m × n matrix (m > n in both cases), and m true and d are model and data vectors, respectively. G stands for a data kernel that embodies m true and experimental geometry. Letting H be a generalized inverse of G, we get an estimated model m
Substituting Equation (2) (estimate m est ) into Equation (1), we obtain
Matrix N = GH is the m × m data resolution matrix (Wiggins, 1972) . The data resolution matrix is only determined by the data kernel and the a priori information added to the problem. It is therefore independent of actual values of the data (Menke, 1984) . Equation (3) , where n ij is the jth element of the ith row of matrix N (Figure 1) . If data have a natural ordering, a graph of elements of a row vector of N varying with column indices provides a sharpness of resolution (Figure 1) . If the corresponding row vector is spike-like, the predicted data is well resolved. Otherwise, if the corresponding row vector is broad, the predicted data is poorly resolved. The best scenario is N = I (I is the unit matrix), then each predicted value is uniquely determined.
The least-squares solution used in Xia et al.'s work (1999 Xia et al.'s work ( , 2002a Xia et al.'s work ( , and 2003 would not possess the highest data resolution because the generalized inverse of the solution in the least-squares criterion is
where G is the Jacobian matrix of the model with respect to S-wave velocity. Equation (4) shows data cannot be perfectly resolved in general because N is not the unit matrix. This is the result we normally obtained when applying an inverse algorithm that is based on a least-squares criterion. In the real world, however, Equation (4) provides a practical way to predict how well data can be resolved. The narrow peaks along the main diagonal of the matrix indicate that the data is well resolved. Data associated with larger diagonal values are those needed to define S-wave velocities for a given problem. Data associated with smaller diagonal values are those we do not have to have in defining S-wave velocities. In other words, if some necessary data (associated with higher diagonal values of the matrix N) are not available for a given problem, S-wave velocities cannot be estimated accurately.
Examples of Data Resolution Matrix
The first model is a synthetic model from Xia et al. (1999) . The model parameters are listed in Table 1 . We calculated the data resolution matrix of the multi-layer model to show the different resolving power of each data and a different mode. We selected 31 data points at different frequencies up to the third mode. The row number of the matrix N associated with the data is listed in Table 2 . If a frequency occurs more than once, the first occurrence is related to the fundamental mode, the second the second mode, and so on. . Table 1 . Figure 2 shows the data resolution matrix of the model shown in Table 1 . We noticed that the diagonal elements generally possess highest values among elements of each row vector, which means predicted data are normally determined by measured data. We also noticed that elements 6 and 13 of the diagonal elements are among the largest values (Figure 3a) , which means the fundamental phase velocity at 20 Hz and the third mode at 35 Hz are critical to define the S-wave velocities of the model (Table 1 ). The last nine data points including higher mode data, from 55 Hz to 70 Hz, are not necessary to define the model.
With the data resolution matrix, we can explain why the higher mode data possess advantages in estimating S-wave velocities. We noticed that higher mode data possess higher diagonal values than do the fundamental data. Furthermore, the third mode data are resolved more easily than the second mode data (Figure 3a ) because they possess higher values than the other modes. For example, the diagonal element of row 13 (the third mode data at 35 Hz) has value of around 0.8, which is much higher than the lower modes at the same frequency (rows 11 and 12). We plotted row vectors 12 and 13 in Figure 3b . Row vector 13 (the third mode data) is close to a spike function and centered at element 13, which indicated the data is well resolved. But row vector 12 (the second mode data) is very broad, which indicated the data is poorly resolved. In general, the third higher mode data (rows 13, 16, 19, 22, and 25) (Xia et al., 2003) . second higher mode data at the same frequencies (rows 12, 15, 18, 21, and 24) . And the second mode data normally possess higher resolution values than the fundamental mode data at the same frequencies (rows 11, 14, 17, 20, and 23) .
The second example is from Xia et al. (2003) . The data were acquired in San Jose, California. The second mode data were well defined in the frequency-velocity domain (Xia et al., 2003) . A 14-layer model with a layer thickness of 1 m was used to invert the Rayleigh-wave data. We calculated the data resolution matrix of the multi-layer model to show the different resolving power of each data and a different mode. We selected 35 data points at different frequencies up to the second mode. The row number of the matrix N associated with the data is listed in Table 3 . Figure 4 shows the data resolution matrix of the 14-layer model. As shown in Figure 2 , the diagonal elements generally possess highest values among elements in each row vector, which means predicted data are normally determined by measured data. We noticed that the first 7 data from frequencies 7 to 13 Hz (rows 1 to 7) are critical to defining S-wave velocities. The second mode data at frequencies higher than 20 Hz (rows 15, 17, 19, 21, 23, 25, 27, 29, 31, 33 , and 35) possess higher diagonal values than the fundamental mode data at the same frequencies (Figure 5a ). For example, the fundamental mode data at frequency 21 Hz is poorly resolved due to its broad weighting function (Figure 5b ), but the second mode data at the same frequency can be well resolved because of its spike-like weighting function (Figure 5b ).
The third example is also from Xia et al. (2003) . These data were acquired in Vancouver, Canada. The second and third mode data were well defined in the frequency-velocity domain (Xia et al., 2003) . A 14-layer model with a layer thickness of 2 m was used to invert the Rayleigh-wave data. We calculated the data resolution matrix of the multi-layer model to show the different resolving power of each data and a different mode. We selected 35 data points at Figure 6 . The data resolution matrix of the Vancouver example (Xia et al., 2003) . different frequencies up to the second mode. The row number of the matrix N associated with the data is listed in Table 4 . Figure 6 shows the data resolution matrix of the 14-layer model. As discussed previously, the diagonal elements generally possess highest values among elements of each row vector, which means predicted data are normally determined by measured data. We noticed that the fundamental data at frequencies 7 and 9 Hz and the second higher mode data at 17, 19, 21, 23, 25, 28, 31, 33, 35, and 37 Hz are crucial in defining the Swave velocity model for given geological problem. It is interesting to note that the third mode data for this model do not show higher resolving power than the second mode data (Figure 7a ). For this particular model, data at frequencies from 7 to 9 Hz are resolved exactly. These data are extremely important in the inversion. For comparison, we plotted row vectors 6 and 7, which are the fundamental mode and the second mode at frequency 17 Hz ( Figure 7b) . Clearly, the fundamental data (row 6) is poorly resolved because of its broad weighting function and the second mode data at the same frequency (row 7) is well resolved due to its spike-like weighting function.
Practical Implication of the Data Resolution Matrix
Data resolution matrices in the previous section showed that higher mode data generally are well resolved for the given models. In practice, we only know an initial model for a given problem. Is it possible to select data based on the data resolution matrix of an initial model? We mentioned in the previous section that some data are well resolved because of the higher values of the diagonal elements. Is it feasible to use only these data that possess higher values of the diagonal elements in the inversion to obtain accurate S-wave velocity model? We address these questions below.
We used the model showed in Table 1 . Suppose S-wave velocities for all layers are 25% lower than the true model (Table 1) , which are 146, 202, 275, 363, 452 , and 555 m/s, respectively, we recalculated the data resolution matrix and showed its diagonal elements in Figure 8a . We also suppose S-wave velocities for all layers are 25% higher than the true model, which are 242, 337, 458, 606, 753, and 925 m/s, respectively. We recalculated the data resolution matrix and showed those diagonal elements in Figure 8b .
The similarity between Figure 3a and Figure 8 is obvious. First, higher mode data possess higher values along diagonal elements than do lower mode data. Second, the frequency ranges of data with higher values along diagonal elements are pretty much the same, which suggested that it is possible to select data based on the data resolution matrix of an initial model. For example, if we set a threshold of 0.175, which means that only data with a diagonal value higher than 0.175 will based in the inversion. The selections from Figure 3a and Figure 8a are very close. Except for the data at the higher frequencies, the selection from Figure 8b , where velocities are 25% higher than true model, are also close to the selection from Figure 3a . To answer the second question, let us look at the synthetic example first. We selected 14 data from Figure 3a that possess the diagonal values of 0.175 and higher (Table 5 in red) to perform an inversion. The initial model was the same used in Xia et al. (1999) . We listed inverted results and results from Xia et al. (1999) in Table 6 with the true and initial models. Results from Xia et al. (1999) only used the fundamental mode data. Although calculated phase velocities from both models fit data with the root-mean-square error less than 2 m/s, the model obtained from the data in red in Table 5 is much better than the model obtained using only the fundamental data . Notice that we only used 14 phase velocities in inversion to obtain the almost perfect inverted model. The model obtained using only the fundamental data (45 phase velocities) cannot distinguish layers 4 and 5 because the data (points 14, 17, 20 in Figure 3a ) affected most by these layers are poorly resolved. Table 5 . Data selected in inversion in red (Model from Xia et al., 1999 Figure 8a . Diagonal elements of the data resolution matrix of the model showed in Table 1 except S-wave velocities are 25% lower than those showed in Table 1 . Figure 8b . Diagonal elements of the data resolution matrix of the model showed in Table 1 except S-wave velocities are 25% higher than those showed in Table 1 . Table 5 in red Inverted (Xia et al., 1999) 194 230  194  194  270  272  270  272  367  330  367  351  485  397  486  539  603  453  600  535  740  1036  740  741 We selected 16 data from Figure 5a that possess diagonal values of 0.450 and higher (Table 7 in red) to perform inversion. Sixteen data points are almost the minimum number of data needed to solve the problem with 14 unknowns. The initial model was the same used in Xia et al. (2003) . We showed inverted results and inverted results from multi-mode data (Xia et al., 2003) in Figure 9 with the best-inverted model that was obtained from "error-free" data (we listed this model as "true" in Figure 9 ). Overall, inversion results of the selected data are closer to the "true" model than results from multi-mode data (Xia et al., 2003) . Table 7 . Data selected in inversion in red (the San Jose example, Xia et al., 2003 We selected 14 data from Figure 7a (the fundamental data from 7 to 11 Hz at a 1 Hz interval and the second mode data from 17 to 25 Hz at a 1 Hz interval) that possess diagonal values of 0.40 and higher from 7 to 25 Hz, the same range used by Xia et al. (2003) , to perform this inversion. The initial model was the same used in Xia et al. (2003) . We showed inverted results and inverted results from multi-mode data (Xia et al., 2003) in Figure 10 with the borehole measurements. Inversion results of the selected data are closer to the "true" model than results from multi-mode data up to 15-m in depth than results from multi-mode data. For the deeper part (> 15 m), Figure 10 showed a significant deviation of inverted results from borehole measurements. No improvement could be made for this part of the model because the longest wavelength of the fundamental mode (the second mode) data is around 23 m (11 m). With these data, as indicated in Xia et al. (2003) , the maximum depth of investigation is around 15 m.
Conclusions
We used the data resolution matrix to show that higher mode data possess higher data resolution power than the lower mode data, in general. This property explains why inversion of higher mode data normally provides more accurate results. Examples showed that the inverted models from data selected based on data resolution functions are better than models inverted from multi-mode data that were not selected. A threshold for data selection varies with the data resolution matrix of a geophysical model. But the number of data selected should be larger than the number of layers in an S-wave velocity model. Because the data resolution matrix is only related to the data kernel and a priori information applied to the problem not the function of data (Menke, 1984) , we can use the data resolution matrix to set requirements of data for a given problem, such as data existence in a specific frequency range. In some cases, we may have to modify the investigation depth and the thickness of layers based on the data resolution matrix. As the Vancouver example indicated, the investigation depth should be shallower than 26 m or data with longer wavelength should be acquired to estimate S-wave velocities for the 26-m thick model.
